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Inversion asymmetry spin splitting in self-assembled quantum rings
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We report theoretical studies of the spin splitting caused by inversion asymmetries in quantum ring-shaped
self-assembled quantum dots with circular cross sections. We analyze the conduction band and the spin-
splitting electronic energy dispersions of the system in the presence of both bulk (Dresselhaus) and structural
(Rashba) inversion asymmetries as a function of quantum ring geometrical parameters. We have explored the
interplay effects between the circular confinement symmetry and the magnitude of the spin-orbit constants for
the dot material. We describe universal conditions to operate a spin-field-effect transistor based on quantum
rings with identical linear Dresselhaus and Rashba spin-orbit coupling interactions. The results show to be
sensitive to both the quantum ring radii and the dot thickness.
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I. INTRODUCTION

The search for controlling conditions on the manipulation
of spin-orbit (SO) interaction in semiconductor nanostruc-
tures is one highly appealing subject for spintronic devices,
quantum information, and quantum computing.'"* The un-
derstanding of how SO couplings occur and how to manipu-
late the spin degree of freedom, combined with the applica-
tion of external fields, are important challenges for the
realization of these devices.>® Asymmetries in the spatial
confinement (Rashba effect)’ and the intrinsic bulk form that
exists in zinc-blende crystals (Dresselhaus interaction)?
strongly affect the spin-polarized optical and transport as
well as the spin relaxation properties of carrier states in
nanostructures.

Spin-field-effect transistor (SFET) for electrons moving in
quasi-one-dimensional wires was proposed in the past.’
Moreover, the Rashba term can be tuned by applying a gate
voltage or by doping, which allows the competition between
these two forms of SO interactions and leading, in principle,
to long spin lifetime for the injection of electron-spin-
polarized currents. Based on this fact and on the optimization
of the spin-diffusion length in GaAs quantum well, a nonbal-
listic SFET was proposed in Ref. 4. The annihilation of the
spin splitting induced by the SO interaction will affect the
conductance in persistent currents through the ring. The ef-
fects of the SO interaction on spin-polarized currents in
quantum rings have been profusely discussed (see Refs. 10
and 11). The main effect attributed to the SO interaction, in
these cases, is the removal of some degeneracy related to
spin orientation. However, few discussions have been de-
voted to the combined effect of SO interactions of different
nature and the possibility of the mutual annihilation of their
influence. This would lead to the modulation of the spin
interference that creates oscillations in the conductance of
spin resolved currents. An important and fundamental prob-
lem for the ability of any particular geometry to be success-
ful in future applications concerns the studies of transport
properties when two or more leads are attached to the sys-
tem. Similar studies have been carried out in Refs. 10 and 12
on the conductance properties of a two-dimensional quantum
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circular billiard with two leads. In the framework of the Lan-
dauer formula, it was concluded that the shape and the rela-
tive position of leads affect the transport properties of the
billiard. '

Nowadays, using molecular beam epitaxy is possible to
grow self-assembled ringlike semiconductor structures in a
large range of inner and outer radii. Typical samples show a
circular cross section with an inner radius about 10 nm, and
the outer radius ranges between 30 and 70 nm.'3-!7 This kind
of structures has been studied by their potential applications
as spintronic and quantum computing.'>!%181% For example,
it has been argued that the electron spin in quantum rings
(QRs) with SO interaction is a good candidate for quantum
information processing.?’

Under these motivations, we will describe in this paper
the effects induced by the QR spatial geometry and by the
SO interactions on the electronic states of the zinc-blende-
type semiconductor nanostructures. The total single-particle
Hamiltonian for a QR with circular cross section of inner
(outer) radius r; (r,) and height L, in the presence of bulk
inversion asymmetry (BIA) has the form®

H=Hy+ 60 k, (1)
f)Z
2m

where m" is the electron effective mass, V(r,z) is the spatial
confinement for r=(x,y) and z along the ring axis, & is the
Dresselhaus SO constant for the material, o=(o,,0,,0;) is
the vector of Pauli spin matrices, and « is vector operator
with components K_x=12y/€x/€y—/2112x122 (cyclic permutations for
Kk, and k).

" If we assume a narrow QR with the z direction grown
along [001], the Dresselhaus SO term in Eq. (1) is reduced to
the in-plane Hamiltonian

Hso = 8ok (ks — (k) + ok, ((k2) = k) + ok ) (K - k),
(3)

where the mean values <l€§) and (IQZ) are taken over the
ground state along the z direction. Due to parity symmetry,
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(IQZ)RV«O. Thus, the effective SO Hamiltonian for a ring as-
sumes the form Hgy,="Hp+H;3p, Where

Hip=- 5<1€§>(/€+(T+ + 12_0_) (4)

represents the k-linear BIA contribution while
6,00 Ay n A
HSD = Z(k+ - k-)(k—U+ + k+0-—) (5)

correspond to the k-cubic BIA correction that is generally
considered a perturbation term. In Egs. (4) and (5), o+

=10, io,) and k.= (k, % ik,).

II. INVERSION ASYMMETRY SPIN SPLITTING

In the derivation of the Hamiltonian (3), it is assumed the
adiabatic approximation which allows us to decouple the xy
plane from the z axis motions. This approach is well justified
for QRs under the flat condition r,—r > L_ that is fulfilled
for typical self-assembled ringlike structures.!>!¢ Thus, the
adiabatic single-particle wave, in the absence of SO, is fac-
tored as?!??

W, (0.2) = (1) P (2) (6)

where @ ,(z) represents the vth vertical confined state along
the z axis with energy E(VO) and ¢, ,(r) gives the lateral or
radial confined states. Since the QR structures have width
around 300 A,'* we may assume an infinite barrier at the
cylindrical surface and V(r,z)=0 for r € r,—r,. Therefore,
the xy-motion wave function ¢, ,(r), solution of Hamil-
tonian (2), can be written in the form (see Ref. 21)

zm@

’7[’;1 m(r 0) /_Rn m(r)e

n, m(r) A, m|:N|m|(lu'n )J|m|< o — ) J\m\(/'l/(m))NW\
r
X (Mff")—> ] ;
n

_An mZm< (m)r )’ (7)
1

where J,,(x) [N,,(x)] is the Bessel (Neumann) function of
mth order, m=0, =1, *2,..., is the z component of the or-
bital angular momentum, and n=1,2,3,..., is the radial
quantum number. Also, A, ,, is the normalization constant
given by??

A= — 2 C®)

n,m 2 2
r ) (m) rz) 2
- C ,— | -C ,1
(2] el 2) -t

with
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Cy(a,b) = N,((@)J -1 (ab) = (@)N -1 (ab).  (9)

The corresponding lateral eigenenergies are E”m—(,u(m>)2E
where Ey=#%/(2m"r?) and ,u,(m) is the nth root of the mth
order transcendental equation

N|m\(,U~£,m)) 3 (10)

ry - ry
Nw(#ff")—) J|m|< ) )
8! r

Assuming that the k-cubic term (5) gives a small correc-
tion to the eigenenergy values, it will not be included in the
calculations but few effects will be discussed later. The
k-linear SO contribution for the cylindrical QR can be writ-
ten as

0 expl- iG)P;,a] 0

Hip=—i
P W[exp(+ i0)p;. 0

where y=—(7/d)*8 and p;; 9—[ 2+ ;;0] This term has to be
added to Eq. (2) yleldmg the full Hamiltonian
H=Hy+H;p, which does not allow an explicit close solu-
tion for the wave function. The SO interaction breaks the
axial symmetry and (n,m) are not good quantum numbers
anymore. It is possible to show that the set of wave functions
(7) is a complete set for the description of the electronic
motion on the xy plane. According to the structure of the
‘H,p the general solution of H can be searched as

(1)
a,r mlpn’ m|T>
W(r)= 2 (2)

; (12)
n n m+1¢n m+l|l«>

’

where a'”) and aflz) are weight coefficients of the linear com-
bination for the spin-up (|)) and spin-down (||)) compo-
nents of the spinor state. They depend on the aspect ratio and
on the BIA parameter . Using Eq. (12), the solutions for the
Hamiltonian ‘H="Hy+Hp can be obtained from the set of
dimensionless coupled equations:

(1) (1)
((M(’"))za , l,ny— ) an’ Jm an’,m
=\
(m+1) 2
r \—1 r 2) (2)
B vof* (") 81 a? a?
(13)
Here, A=E/E, labels the new electronic states,

vp=—7v/(rEy), and f* are the dimensionless matrix ele-
ments defined in the Appendix.

Observe, in Eq. (13), that the mixing induced by the bulk
inversion asymmetry brakes the spin degeneracy of states.
The interaction H;p couples different spin orientated com-
ponents with Am= = 1. As a consequence, the spinors W(r)
are restricted to two independent Hilbert subspaces, labeled I
and II, that are classified according to the parity of the orbital
quantum number m and spin orientation. In subspace I, we
are grouping spinor states with spin-up components having
m even and spin-down components having m odd. In the
orthogonal subspace II, the spinor states have spin-down
components with m even and spin-up components having m
odd. Hence, the set of equations (13) for a given m can be
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FIG. 1. The first ten eigenenergies E in units of E, solution of
Eq. (13), as a function of the dimensionless spin-orbit Dresselhaus
parameter yp=—7v/(r;E). The energies are labeled as (n, =m) and
spin orientation according to the zero-SO character of the quantum
ring. Panel (a) represents those independent solutions with even
(odd) quantum number m and spin up (down). (b) corresponds to m
odd (even) numbers and spin down (up). Solid and dashed lines
show those states which are couple for a particular (m*1) z com-
ponent of the quantum angular momentum m (see text).

solved independently for each Hilbert subspace I and II.

In Fig. 1, we want to show the effects caused by the linear
BIA term on the first ten quantum ring energy levels in each
Hilbert subspace as a function of the normalized SO param-
eter yp. The levels were labeled according to the zero-SO
character as (n, =m) and spin state orientation |T) or ||) of
the H, states. Due to symmetry of the QR and in the absence
of the SO interaction for a given eigenenergy E, ,, there are
four degenerate states, namely, |n,*|m|;T) and
|n, =|m|; | ). The solutions for subspaces I and II are shown
in panels (a) and (b) of Fig. 1, respectively. It can be seen
that the energy eigenvalues decrease as 7yp increases. Fur-
thermore, solid and dashed lines in these panels represent
those states which are coupled for a particular m value ac-
cording to the Am= =1 induced by H,p. For example, the
dashed line levels numbered 1 and 2 in the panel (a) are
SO-coupled states with m=—1|]) and m=0|1), while the
solid line levels 3 and 4 are SO-coupled states with
m=1|]) and m=2|1), etc. In panel (b), the coupling condi-
tions for dashed and solid lines are just exchanged with re-
spect to spin orientation. Thus, for each energy level in sub-
space I, there is a degenerated mirror energy level in
subspace II with spin orientation reversed. This double de-
generacy is an inherent symmetry property due to the form
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FIG. 2. The same as in Fig. 1 for the quantum ring aspect ratio
}’2/ r =4.

of the Hamiltonian H;p, that replaces the pure doubly spin-
degenerated states of H,,. Thus, it is only necessary to calcu-
late the energy spectrum for one of the Hilbert subspaces. In
Fig. 2, we are showing how a change in the spatial confine-
ment affects the spin splitting and the ordering of energy
states caused by BIA term on the spectrum of a QR. It can be
seen, from Figs. 1 and 2, that the interchange between levels
(2,0) and (1, £4) as the aspect ratio r,/r; is reduced. Also,
the ordering of increasing energy levels can be modified not
only by the ratio r,/r; but also by the particular value of
normalized BIA interaction parameter vy,. Figure 3 is de-
voted to the energy splitting AE for the z component of the
angular momentum m=1 and four quantum radial numbers
n=1,2,3,4 as function of yp. Here, the stronger influence
on AE corresponds to the excited states. Due to the compe-
tition between the states with different spin orientations pro-
voked by Hp, the spin splitting must present a maximum at
certain particular value of vy, which depends on the particu-
lar level under consideration. Comparing panels (a) and (b)
in Fig. 3, the effect of the confinement on the energy spin
splitting is clearly seen. Stronger confinement leads to larger
energy spin-splitting. In our case, if we reduce the aspect
ratio r,/r; to a factor of 1.75, we obtain AE~ 3 times larger.
Also, the maxima is right-hand shifted as the confinement
increases, or r,/r; decreases. As it is expected for large non-
physical value of the interaction parameter, the split energy
AE tends to zero and the state remains with well defined spin
orientation. Finally, let us point out that for large values of
vp, the k-cubic term Hip becomes important and must be
included in the total Hamiltonian. In this sense, Figs. 1-3
have to be considered with caution. Moreover, very recently,
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FIG. 3. Energy splitting in units of E, as a function of the
dimensionless Dresselhaus parameter yp=-7v/(r Ey). The states
(n,m=1) with n=1, 2, 3, and 4 are considered. (a) QR aspect ratio
r2/r1=4. (b) }’2/7'|=7.

the authors of Refs. 24 and 25 have stressed the effect of the
k-cubic Dresselhaus term in GaAs/AlGaAs structures and
have reported a value for the BIA parameter for GaAs three
times smaller than the commonly used value of 27 eV A3

III. SPIN SPLITTING DUE TO THE RASHBA
INTERACTION

There is another contribution that leads to the SO splitting
which is provoked by the spatial asymmetry of the confine-
ment potential V (space gradient) in semiconductor nano-
structures and is called structural inversion asymmetry (SIA)
or also referred as Rashba interaction.” This SO Hamiltonian
is linear in the k wave vector as Hp=ak X VV -0, where «a is
the Rashba coupling parameter for the material. The inver-
sion asymmetry potential can be characterized by certain ef-
fective electric field F, and for samples grown on the [001]
crystal direction, we have V(z)=V,—eFz+---, where e is the
bare electron charge. To lower order in k and F, the SIA
spin-splitting Hamiltonian for QRs has the in-plane form

Hp=- iaeF(ngra'_ - 12_0;). (14)

The SIA term can be modified not only by external electrical
potentials*?%2° but also by modulation doping?”-** or by the
composition of heterostructure alloys.’® The Hamiltonian
(14) preserves the cylindrical symmetry as well as the time
reversal property. Since the operator H has exactly the same
mathematical structure as H,p in Eq. (4), the eigenstates for
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FIG. 4. Energy spin splitting due to Rashba interaction as a
function of the dimensionless parameter ap=aeF/E,. The same
states as in Fig. 3 are considered for a QR aspect ratio r,/r;=7.

H=Hy+Hy have the form of Eq. (12); thus, the solutions
may be constructed with a similar system of coupled equa-
tions (13), where a proper SIA normalized constant ag
=aeF/E, replaces the BIA constant y,=—1v/(r,E,) and with
the interchange f~ < f*. As shown in the Appendix, these
matrix elements have the symmetry f*(m)=—f"(-m); there-
fore, a state with given angular quantum number |n,m, | ) is
SO coupled to the state |n,m+1,7) by H,p and is SO
coupled to the state with |n,m—1,1) by Hg. In this sense,
the set of solutions is the same as the one presented in the
previous section, but keeping the correct symmetric imposed
by the SIA term. In order to visualize these properties, we
present, in Fig. 4, the energy spin-splitting AE obtained with
Ho+Hp as a function of the dimensionless Rashba parameter
ay, for the same set of levels shown in Fig. 3. A quick com-
parison between Figs. 3(b) and 4 shows that both AE values
have the same shape, tendency, and absolute values. For
identical SO-coupling values and aspect ratio r,/r;, the spin-
splitting AE induced by the Dresselhaus term is positive
while by the Rashba term it is negative.

IV. COMPETITION BETWEEN BULK INVERSION
ASYMMETRY AND STRUCTURAL INVERSION
ASYMMETRY SPIN-ORBIT INTERACTIONS

When both Hamiltonians, Hy and Hp, are added to the
spin-degenerate Hamiltonian 7, it becomes clear that the
quantum number m and the pure spin-up and spin-down
components are mixed. In this axial broken symmetry, m and
spin are no longer good quantum numbers. Nevertheless,
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partial symmetry is preserved and the general form of the
spinor W is still grouped into two orthogonal Hilbert sub-
spaces I and II and we can write

© (1)
an’,2m’(2m/+l
V= 2 @)
e

’ ’ a
n =— n'2m'+12m’

)|n’,2m'(2m’ +1),7)
)]|n’,2m’ +12m’),])
(15)

where the two subspaces I and II were defined following the
parity of the quantum number m. States with even quantum
number m and spin up are now SO coupled with all states
with odd number m and spin-down, and vice versa. Accord-
ing to the wave function (15), the total Hamiltonian
H8+HR+H1D provides for the new coefficients

ai’, (i=1,2) the following coupled system of equations:

: . 2 2) !
(M;(qm))zafz,r)n + E (l ’yaf_ai(q’),m+l + aR]H—aft’,m—l) = )\af'"')”’

n

. (1 1) 1 2 2
E (_ lny+an’),m + aRf_aiz’,m+2) + (M;(1m+ ))za;,;)nﬂ = )\aiz,l)nﬂ .

n

(16)

Since Hp and Hp terms couple simultaneously states with
different spin orientations, this results into an effective cou-
pling that can, in principle, be tuned by external parameters.
Once all states are SO coupled in one of the Hilbert sub-
space, then the anticrossing regions will appear between ad-
jacent energy levels. In principle, and for a given value of the
BIA coupling yp, the Rashba mechanism may be tuned to
switched off or minimize the net SO mechanism. This effect
is a fundamental issue to obtain a long spin lifetime for spin-
field-effect devices.* In Fig. 5, we display the joint effects of
both SO terms on energy spin splitting of the states
I, 1; 7 | ) as a function of the normalized Rashba parameter
ay, for different values of . It can be seen that, for certain
values of ay, the spin splitting reaches a minimum, a conse-
quence of the competition between the two SO mechanisms.
These particular values of ajp, where the spin splittings in-
duced by Rashba and Dresselhaus linear terms cancel each
other out, depend on the parameter 1y, on the particular spin-
split state under consideration, and on the geometric ratio of
the QR, r,/r;. These factors can be combined to implement a
desired SFET in a two-dimensional systems where the con-
duction electrons will carry long spin lifetime.

Current efforts are in place in order to create a layered
system based on a resonant tunneling diode with a layer of
epitaxially grown nanoscopic QRs in the central well. This
will allow the possibility of tuning the vertical transport
properties through the system with the electronic levels in
the rings. In this case, the gate voltage and the effective
electric field created by charges built into the system will
allow a tuning of the Rashba interaction. Built-in electric
fields can be very strong in small regions of the tunneling
diode; thus, the annihilation of the SO splitting can be at-
tained as indicated in this work. This would lead to the con-
trol of the degeneracy of levels in the ring layer and, thus, of
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FIG. 5. Energy spin-splitting AE/E, due to both effects Rashba
and Dresselhaus interactions. AE/E, is given as a function of
ap=aeF/E, for several values of the dimensionless parameter
vp=—7/(r\Ey). The states |n,m=1;7) and |[n=1,m=1;|) were
considered for a QR aspect ratio r,/r =4.

the density of transported charges. Nevertheless, the reliabil-
ity of the proposed SFET devices depends on production of
high mobility QRs.

The relative strengths of SO coefficients can be measured
using, for example, the spin-galvanic and the circular photo-
galvanic effects induced by terahertz radiation.?® Moreover,
by detecting spin photocurrents, it is possible to infer under
which circumstances the condition for equal contribution of
Rashba and Dresselhaus interactions or for zero Rashba co-
efficient can be fulfilled.”’ It is important to remark that the
problem of spin-resolved currents in a system where quan-
tum mechanics governs the two dimensional motion of the
electrons should be given careful attention in the future. It is
known that QRs with three attached leads, one input and two
outputs, can deliver spin-polarized beams of electrons.!' In
principle, and under the particular condition of zero SO in-
teraction, a spin-polarized input state could be transmitted
through the ring without substantial modification.

V. CONCLUSIONS

We have studied the influences of SIA and BIA SO inter-
actions on the electronic spectrum of QRs with circular cross
section. The electronic eigenenergies are determined by SO
interactions, by the QR spatial confinement, and by the ge-
ometry factor r,/r;. The influence of the SO interactions
(STA and BIA) on the eigenenergies is enhanced as the aspect
ratio r,/ry is reduced and the system becomes more con-
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fined. The absolute values of the energy splitting show a
maximum for a particular value of the Rashba or Dresselhaus
coefficients and their positions are shifted to lower values as
ro/ry increases. In the linear SO approximation for the elec-
tron momentum, the combined effects of SIA and BIA can
lead to the complete annihilation of the energy spin splitting
if the Rashba parameter «ay is properly tuned. The particular
value of ayp where the energy spin splitting is zero depends
on yp and on geometric ratio r,/r;. As we have noted, the
parameter vy, is proportional <l€§)=< /! L?) and the position of
the zero splitting can be tuned by the QR width. By increas-
ing L, (or smaller vyp values), the position of ap, where the
zero spin splitting is observed in Fig. 5, moves toward
smaller values. If a gate voltage (electric field) is applied
perpendicular the QR plane and tuning the Rashba coeffi-
cient to equal the strength of Dresselhaus term, the parameter

y:—(lé?)ﬁ will also be affected by the field. In this case, a
renormalization of the effective QR width takes place and L,

in <]€§>=<7T/L?> must be replaced by a shorter effective

length L, given by

L,=L][1+(0.12¢FL/E\")?]"?, (17)

Finally, SFET devices based on QR structure can operate
with an external gate voltage. Also by doping samples, and
by changing the geometric factor r,/r; or QR width L,, both
SO coefficients, ap and 7yp, can be effectively tuned. Under
the condition of mutually annihilating Rashba and linear
Dresselhaus contributions, the neglected cubic term of Eq.
(5) will restrict the long spin lifetime. The contribution of
this cubic term, H;p, introduces an additional anisotropy to
the ideal zero spin splitting here considered in Fig. 5. Thus,
the inclusion of this Hamiltonian deserves further studies.
Another way to control the properties related to spin hy-
bridization is by studying the effects of a magnetic field ap-
plied to the QR. This applied external potential should lift
the partial degeneracy of states of the QR with circular cross
section. The field will break the Kramers degeneracy and
fully split the states into sets of spin up and spin down. Here,
two limit situations can be considered: the field parallel or
perpendicular to the QR growth direction. The magnetic field
on the plane of the ring will modify the confined state along
the z axis with energy E(VO). Typical semiconductor QRs op-
erate under the strong spatial confinement regime, i.e., the
height L, ~0.5 nm. In this case, the magnetic field represents
a perturbation to the spatial confinement potential and a
small shift to the energy EE/O) is achieved. More interesting
physical pictures are obtained when the external magnetic
field is applied perpendicular to the growth direction. If the
magnetic length [, is larger than the outer radius r,, [,>r,,
we are within the weak field regime and the spatial confined
potential prevails. Hence, the effects of the external potential
on the energy levels can be handled by perturbation theory.
The other limit corresponds to the ultrastrong magnetic field
where [, <ry. Here, the width, r,—ry, of the ring is negligible
and the common theoretical treatment of the mesoscopic sys-
tem for »<r, is recovered.’! In the intermediate case where
r,<I,<r, the wave functions (7) do not represent a good
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basis and the full quantum mechanic calculation for the
Schrodinger equation becomes necessary. The interplay be-
tween the spatial and magnetic confinements induces the en-
ergy levels to exhibit a complex dispersion as a function of
the geometrical ring parameters and field intensity.
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APPENDIX: MATRIX ELEMENTS

The matrix elements can be written as

<m',n'|kxikyn,m>=—i5m/,milfi, (A1)

with

(A2)

Using the general recurrence relations for the cylindrical
functions’?

2m
Zm+l(z) + Zm—l(z) = TZm(Z),

dz,(z)
Zm+1(z) - Zm—l(z) =- zd—s (AS)
z
we get that
fI = F r%/.l/kn’:llAn/’m/An’m/Il
rlry '] I’ %1|
Xf YZu (V) 2 (" T ly)dy.  (A4)
1
From?
f yZ,(ay) Z,(By)dy
_ByZay)Z,(By) + ayZ, i (ay) Z,(BY) (A5)

a2_ﬁ2

we obtain that the matrix elements f* present the following
closed analytical representation:
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2 |m!| |m’¢1|A A
Fify, My n',m'

nm' *1

(D2 = (=12

r2 \m'\ r2 + m' 1 r2
X _an’(/unf s Dm' ,U/‘n ‘s_
r r r

— Cor (™ 1D (ul ”',1)},

fr==

(A6)

where
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D,y (B.1) = Njyz 1|(BV (B = J = (BN} (BD) . (AT)

From the above equations, we have the few useful symmetry
properties

Di=D,, D!, =D,, C

=C,,. (A8)

—m
and

fHm)==f"(=m). (A9)
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